We perform a coarse-graining analysis of the paradigmatic active matter model, Active Brownian Particles, yielding a continuum description in terms of balance laws for mass, linear and angular momentum, and energy. The derivation of the balance of linear momentum reveals that the active force manifests itself directly as a continuum-level body force proportional to an order parameterlike director field, which therefore requires its own evolution equation to complete the continuum description of the system. We derive this equation, demonstrating in the process that bulk currents may be sustained in homogeneous systems only in the presence of inter-particle aligning interactions. Further, we perform a second coarse-graining of the balance of linear momentum and derive the expression for active or swim pressure in the case of mechanical equilibrium.
I. INTRODUCTION
Active matter models describe non-equilibrium systems that consume and dissipate energy throughout their bulks at the microscopic level even in the absence of gradients [1] [2] [3] [4] . This feature distinguishes them from the better-understood class of non-equilibrium systems resulting from gradients in temperature, pressure, chemical potential, or other thermodynamical variables imposed via boundary conditions or fluctuations; indeed, the connection between these two sources of gradients is the content of the fluctuation-dissipation theorems. It is widely expected that studying active systems will provide novel insights into biological processes [5] , lead to potential technological applications [6] , perhaps through tunable rheologies [7] [8] [9] [10] , and promote the development of new fundamental tools in statistical mechanics [11] [12] [13] [14] [15] [16] [17] .
In this paper, we work with systems of Active Brownian Particles (ABPs) [18] [19] [20] [21] , spherical particles subject to Brownian motion and an "active force" applied in a direction specified by an angular coordinate that also diffuses. This system has been realized experimentally with colloids selectively coated by light-sensitive catalysts [22] [23] [24] and with asymmetric walkers on a vibrating substrate [25] , and provides a model, certainly simplified, for swarms of bacteria [26] [27] [28] [29] . Extensive numerical investigations of the model have also been performed, in which several novel phenomena have been observed in systems of ABPs, including motility induced phase separation (MIPS) [19, 20, 30, 31] , spontaneous rectification [32] [33] [34] [35] [36] , and density enhancement near boundaries [37] .
There has been significant debate about the possibility * epstein@berkeley.edu † kek2134@berkeley.edu ‡ kranthi@berkeley.edu and utility of defining continuum-level variables, particularly pressure [14, [38] [39] [40] [41] [42] [43] , for ABPs and related systems. It has been argued that because the distributions of particles in confined regions depend on details of the boundaries, pressure is not a bulk property [37] . On the other hand, a "swim pressure" or active stress has been defined and used to successfully predict the onset of MIPS in [41] . Moreover, it has been argued that the issues raised in [37] may be avoided by introducing the concept of an active body force [44] . However, the microscopic derivation of the expression for this body force, swim pressure, or active stress is missing, with existing proposals simply writing a virial expression for the active force [41, 45, 46] . We address the issue of these microscopic derivations systematically by performing a coarse-graining of the microscopic ABP equations of motion in the style of Irving and Kirkwood [47, 48] to yield a continuum description [49] .
This work on ABPs may be considered a continuation of earlier work presented in [50] on rotary dumbbell particles driven by active torques. To this end, the current work focuses on including active convective forces and analyzing the consequences of this feature. The main contributions of this work are as follows. We 1. derive balance laws for mass, linear and angular momentum, and energy 2. show that the active force appears naturally in the body force rather than the stress tensor, proportional to an order-parameter-like director field 3. derive equations of motion for this director field, arguing from a mechanical point of view that ABPs can support gradient-free bulk currents only in the presence of inter-particle alignment interactions 4. derive a microscopic expression for heat flux through energy balance 5. provide a derivation of the microscopic expression for swim or active pressure.
The paper is organized as follows. In section I, we provide a brief description of the microscopic equations of motion for the ABP system. In section II, we discuss the coarse-graining analysis of these equations and the features of the resulting continuum-level balance laws. In section III, we derive equations of motion for the director field whose importance is demonstrated in the balance law for linear momentum, and comment on the implications for bulk currents. In section IV, we perform a second coarse-graining of the linear momentum balance, deriving the active swim pressure. All balance and microscopic expressions for associated fluxes and body contributions are summarized in Table I . Most derivations are detailed in the Appendix.
II. ACTIVE BROWNIAN MODEL
A single ABP in two dimensions is characterized by position x i , linear momentum p i , an angular coordinate θ i , and an internal angular momentum L i with moment of inertia I. The momenta are subject to a drag force/torque and Gaussian noise with strengths α p and α r consistent with the fluctuation-dissipation theorems as in standard equilibrium models (although our analysis does not depend on this choice). In addition, an active force f is applied in the direction specified by θ i (equivalently, the unit vector e i ) and an active torque τ is also applied. The particles interact via interparticle forces f ij and torques τ ij assumed to result from a pair potential u (x i − x j , θ i − θ j ). The stochastic evolution equations describing the dynamics of ABPs are
where the noise terms W i (t) and Z i (t) are zero-mean Gaussian processes well-approximated by the second moments
where W x i are single directional components of W i . The linear and angular noise terms are uncorrelated, as are the spatial components of the linear noise. Throughout, we assume that we are working either in a region of infinite extent or with periodic boundary conditions. We will also use L i to refer to the magnitude of L i , which always points in the z-direction, i.e. perpendicular to the plane.
III. BALANCE LAWS

A. Coarse-Graining Approach
To make contact with a continuum theory, we must derive a set of balance laws from the microscopic equations of motion. To this end, we define fields corresponding to local densities of the basic conserved quantities (mass, linear momentum, angular momentum, and energy) in terms of microscopic variables. Evolution equations for these fields will yield the balance laws. This is essentially the strategy employed by Irving and Kirkwood to derive hydrodynamical equations from microscopic dynamics with ensemble averaging [47] . The difference in our approach is that we define fields without averaging over a statistical ensemble, as also considered by Hardy [51] . Thus our balance laws are valid not only on average, but also for any individual trajectory of the system. The ensemble-averaging approach yields identical results up to the replacement of stochastic noise terms by linear and angular diffusion.
We begin the coarse-graining process by defining the densities as follows:
where ∆ i (x) = ∆(x − x i ), with ∆ a normalized coarsegraining function assumed to have finite support and to be rotationally invariant. The interpretation of these fields in the continuum theory is that ρ is the mass density, v is the velocity of a continuum point, ρJ is the angular momentum density, and ρe is the energy density. J always points in the z-direction, and its magnitude will be denoted J. The same convention will be used throughout the text, with unbolded symbols referring to the magnitude or, equivalently, z-component of vectors related to angular momentum. It will also turn out to be convenient to define the coarse-grained director and noise fields
For fixed x, each of the fields in Eqs. (3, 4) is a phasespace function and we may examine its time dependence.
Letting Γ denote the entire set of phase variables, the time-derivative acts as follows on a phase space function B:
For the ABPs, we may read the operator F directly from the microscopic equations of motion:
With these definitions, we are equipped to determine the forms of the balance laws of the continuum theory. For ease of presentation, we defer the derivation of the balance laws to the appendix and present the laws and microscopic definitions of body contributions and fluxes in Table I. In the remainder of this section we will discuss the notable features of these balance laws. These are the appearance of the active force in the body force, proportional to the director field d, the existence of three distinct contributions to the angular momentum, and a modified energy balance compared to that presented in [50] . The mass balance is the standard continuity equation, as derived in Appendix A1.
B. Linear Momentum Balance: Importance of Director Field
The first interesting feature appears in the balance of linear momentum; see Appendix A2 for derivation and Table I for microscopic expressions of body force and stress tensor resulting from the Irving-Kirkwood procedure. In our formulation, the active force f contributes to the body force, rather than to the stress as proposed e.g. in [41, 45, 46] . This contribution is mediated by the director field d, suggesting that this is the relevant order parameter to study alignment order in ABPs, rather than the nematic tensor order parameter, which is invariant under rotation by π [52, 53] . We examine the dynamics of the director field d in the next section.
We choose to associate to the body force those terms that may not be expressed as divergences. Such a division allows us to interpret the divergence terms as surfacemediated tractions in the momentum balance. Moreover, such a division results in microscopic expressions that reflect the physical nature of the momentum transfer in the system. Note that in principle, the Irving-Kirkwood procedure allows divergence-free tensor field to be added to the stress tensor without altering the balance law. We expect this feature to be particularly relevant in future investigations of the behavior of systems of ABPs in various confining geometries.
The notion of swim force or active force as a body force mediated by a director field has been previously discussed in [44] , where the authors demonstrate that non-interacting ABPs undergo sedimentation in the presence of an aligning field but without gravity, and that net active forces resulting from an aligning field may cancel the effects of a body force such as gravity. In fact, the authors point out that inclusion of the active force as a body force resolves the objections of [37] to viewing the pressure as a state function in active systems. Our contribution in this area is to provide a derivation of this role of the active force directly from the microscopic equations of motion.
C. Angular Momentum Balance
In traditional continuum theories, angular momentum appears only as moment of linear momentum and its balance contains only torques arising from moments of surface tractions and body forces [54] . In these theories, combined with the balance of linear momentum, the balance of angular momentum simply imposes the symmetry of the stress tensor. However, in our system, due both to the internal angular momenta L i of the individual particles and the effect of coarse-graining, the balance of angular momentum does not follow the traditional form, and contains additional terms requiring distinct microscopic derivation. In order to see this explicitly, we define the following densities:
where δ i = x i − x measures the positions of particles relative to the material point x, and ι and Ω are a moment of inertia and angular velocity which account for angular momentum about the axis of the continuum point. For large enough coarse-graining volume, we expect δ to converge rapidly to zero, reflecting that the particles are distributed isotropically with respect to the center of mass. The total angular momentum may now be decomposed as follows:
Here, ρx × v is simply the moment of linear momentum. The second and third terms in Eq. (8) account for the spatial microstructure of a continuum point, with ρδ × v accounting for the difference between the continuum point x and the center of mass of the particles in the coarse-graining region centered at x, and ρι·Ω for the angular momentum about x remaining after transforming to the frame v defined by the continuum velocity. The final term Im −1 ρw accounts for the internal angular momentum of the ABPs, a second kind of microstructural feature.
The angular momentum derived from the internal spins L i has a moment of momentum that is trivially proportional to the mass density ρ, as the moment of inertia of each particle about its center of mass is fixed. The other contributions to angular momentum have moments of inertia which vary according to distinct evolution equations. These are again derived via the Irving-Kirkwood procedure, and are given by
where we have introduced two new fluxes:
The latter appeared also in the system of actively rotated dumbbells studied in [50] . See Appendix A3 for derivation.
The decomposition of the total angular momentum also introduces two novel continuum angular velocities w and Ω. As opposed to the vorticity of the velocity field ∇ × v, these are associated to continuum points rather than reflecting properties of the spatial derivatives of linear velocity, and thus are manifestations of the internal microstructure of the continuum points. As such, they require evolution equations of their own, which we derive from the Irving-Kirkwood procedure as
where G 1 , G 2 , C 1 , and C 2 are defined in Table I . G 1 and G 2 are body torques, and C 1 and C 2 couple stress tensors. This system then has a total angular momentum balance which is a truly separate balance from linear momentum, and provides an instance of the extension to structured continua of the balance laws proposed by Dahler and Scriven [55] . Note that the components of angular momentum obey balance equations with no explicit interconversion between the components, unless there is a constitutive dependence of the couple stress tensors C 1 and C 2 on w and Ω or their gradients. This is in contrast to the previously examined active dumbbell system, where the coupling between the linear and angular momentum balances arises explicitly due to the broken symmetry of the stress tensor [50] .
D. Energy Balance
Continuing with the Irving-Kirkwood procedure, we obtain the balance of energy, serving as the first law of thermodynamics for active continuous media. See Appendix A4 for derivations and Table I for the balance law and resulting microscopic expressions for body heating and heat flux. Our choice of decomposition of the energy balance is modified compared to that in [50] . Here, we do not subtract off the term δ i × Ω from the total momentum p i , as done in that earlier work. Our reasoning is that the heating rate ρr and heat flux q are physical quantities, and therefore should be defined in inertial frames, rather than rotating ones. The usefulness of this form remains to be explored.
IV. DIRECTOR FIELD DYNAMICS AND BULK CURRENTS
In the previous section, we derived the balance of linear momentum for ABPs, finding that the body force is proportional to a director field d. Therefore, in order to analyze the motion of the system, it is necessary to derive evolution equations for this field. Moreover, this field represents alignment of particles in the fluid. Unlike the mass, momentum, and energy density fields, the director field does not correspond to a conserved quantity, so its evolution equation does not yield a balance law for the continuum system. However, the director evolution equation can still be derived using the Irving-Kirkwood procedure in an identical fashion as
where w = we z ; see Appendix B1 for detailed derivation. The tilde indicates counterclockwise rotation of the corresponding vector by π/2. In a homogeneous system, the first term of the righthand side of Eq. (12) vanishes. The third term is orthogonal to d, hence does not alter the magnitude of the director field. If there is no correlation between the variables L i and e i , the second term approximately vanishes under spatial averaging for large coarse-graining volumes, and angular diffusion will cause any nonzero director field to decay. Indeed, in the absence of aligning interactions between the ABPs, there is no mechanism to generate such correlations, and we see that steady non-zero director fields, and therefore steady flow, is impossible in
Balance laws and definitions of necessary fields. "Int" refers to the contribution to angular momentum from the internal spins Li while "CG" refers to the angular momentum associated with the coarse-graining volume. See the discussion of angular momentum balance in the text for definitions of ι, Ω, and δ. The bond function bij is defined in Appendix A2.
a homogeneous system. In the presence of aligning interactions, the L i will in general be correlated with the orientation of the particles relative to the nonzero local director field, when it exists, and the second term will oppose the diffusion, allowing homogeneous steady-state nonzero director fields, and therefore currents.
The connection between currents and inter-particle aligning interactions becomes more evident if we perform an analogous derivation of the director evolution equations using fields defined as noise averages:
and treat the overdamped limit for angular diffusion, where the angular part of the equations of motion is replaced by
with µ an angular mobility. In this case, the director field evolution is obtained as
where
See Appendix B2 for details of the derivation. The first term, proportional to d, represents an exponential decay of the director field due to angular diffusion. The second is a rotation due to the active torque τ . The term A is a "body alignment" vector, and the divergence term accounts for director flux due to particle exchange. Suppose that the system of ABPs is homogeneous and in a steady state. Then the director evolution equation (15) reduces to
In the absence of inter-particle aligning interactions, τ ij = 0 and therefore A is identically zero. Using d ·d = 0, we see that the only solution is d = 0. Homogeneity and time-independence also imply that b = 0 via the linear momentum balance equation. For large enough coarse-graining volume, W vanishes, so this in turn implies v = 0, demonstrating that nonzero steadystate currents are impossible in homogeneous systems of ABPs without aligning interactions.
In the presence of inter-particle aligning interactions, suppose that d = 0. The angular noise is symmetric with respect to d, i.e., the distribution of particle directors about d is symmetric with respect to reflection over d. The particles whose directors point to the left of d will have a torque with negative component in the z direction, while those pointing to the right a positive torque. Thus, in the sum that defines A, the components of the various e i in the direction orthogonal to d will tend to cancel, while the components in the direction of d will tend to add constructively, giving rise to a nonzero A in the direction of d, i.e. in opposition to the diffusion-induced decay. Thus, the existence of nonzero steady currents with v = 0 in homogeneous systems of ABPs is possible.
It is also possible to study systems with boundaries that apply torques to the particles, and in such systems, currents could be expected to appear close to the boundary even in the absence of interparticle aligning interactions. However, our analysis suggests that this effect will persist only in the near-boundary region, and will be negligible deep in the bulk of sufficiently large systems. Noninteracting ABPs in boundary-less regions will not display bulk currents. On the other hand, we expect that in the presence of interparticle alignment, ABPs may display bulk currents that spontaneously break rotational symmetry, even in the absence of boundaries. Addition of boundaries with aligning interactions could then be used to select the direction of bulk currents in arbitrarily large systems.
V. SECOND COARSE-GRAINING AND SWIM PRESSURE
In [41] , a continuum-level contribution to the stress, called the swim stress, is introduced without microscopic derivation in order to define a swim pressure that is used to understand the results of simulations showing motility induced phase separation in ABPs. This so-called swim stress depends linearly on the active force f . Although in our analysis the active force appears in the body force rather than the stress tensor, we will show that one can recover this widely-used expression by performing a second coarse-graining, from continuum to continuum in the spirit of [56] . Towards this end, consider a circular region R with boundary ∂R and applied traction t = −p ext e r , where e r is the outward-pointing unit vector. We may imagine this traction to be applied by an ideal fluid, whose pressure p ext is measurable. Now, defining the mean stress in the region
and using the divergence theorem and the definition of the surface traction t = T · n, we have:
In case of mechanical equilibrium, that is v ≡ 0, Dv/Dt ≡ 0, we use the balance of linear momentum (see Table I ) to writē
If we now use our definition of body force and assume a region large enough that the noise field W vanishes, we haveT
Substituting in Eq. (21) the expressions t = −p ext e r and TrT = −2p mol , where p mol is the average molecular pressure with contributions from kinetic terms and inter-particle interactions, and taking the trace, we find
which gives rise to
The second term on the right-hand side of Eq. (23) is the microscopic expression for swim pressure, thus providing a derivation from the microscopic equations of motion for the expression introduced in [41] .
VI. CONCLUSION
In this work, we have performed a coarse-graining analysis of the ABP equations of motion, resulting in a set of balance laws that constitute a continuum description of the system. Although we do not yet have constitutive equations for the the new fields that must be defined, we are able to show the natural appearance of the active force in the body force, to demonstrate the importance of the director field, and to show that aligning interactions are necessary for gradient-free flows or currents. We also derive a balance of energy, which serves as the first law of thermodynamics. This provides a natural setting in which to develop the irreversible thermodynamics of active continuous media driven by convective forces.
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The In this appendix, we provide the more detailed derivations of the balance laws presented in Table I . We begin by defining the field fields corresponding to densities of conserved quantities (mass, linear momentum, angular momentum, and energy):
The angular momentum density may be decomposed into a term due to the moment of linear momentum, another due to the internal angular momenta L i of the particles, and a third due to the coarse-graining. In order to see this, we define
Now using (A2), the angular momentum density may be rewritten as
The energy may also be decomposed into a term due to the mean velocity, one due to the mean internal angular momentum, and an internal energy term accounting for the potential energy and the deviation of individual particle momenta from the mean. This term is defined as
Then we have
It will also turn out to be convenient to define the coarse-grained director and noise fields
To evaluate the time dependence of these fields, we note that on a phase variable B, the time-derivative acts as follows:
For the ABPs:
Now we are equipped to determine the forms of the balance laws of the continuum theory.
Balance of mass
We have
and thus have the standard balance of mass:
Balance of linear momentum
The second term, which accounts for interparticle forces, may be expressed as a gradient using Noll's formula [57, 58] 
where the so-called bond function b ij is defined as
The tensor quantity whose gradient is the third term may be expressed as a sum of mean and deviatoric parts:
Using the balance of mass and then plugging in the above expressions:
and we have the balance of linear momentum
with the body force and stress tensor
Balance of angular momentum
The internal angular momentum evolves as follows:
As in the case of linear momentum, we apply Noll's formula and split the final term into mean and deviatoric parts:
Using balance of mass and plugging in the above expressions:
and we have the partial balance equation
with body torque and couple stress vector
Next we consider the coarse-graining angular momentum ρι · Ω. First we must evaluate the time-evolution of the moment of inertia ρι:
Using the mass balance equation:
so that we have
with the coarse-graining moment of inertia flux
Now we can examine the coarse-graining angular momentum:
(A28) The interaction term may be expressed as a gradient using Noll's formula:
where we have also used the assumption that the force between particles acts along the ray from one to the other, so that x i − x j is parallel to f ij . Using the balances of mass and coarse-graining moment of inertia, the total time derivative of Ω is now given by
with
To determine the time-evolution of the moment of linear momentum, we first need to examine the time-evolution of the displacement δ:
The total time derivative is then
and we may write
Then:
The balance of total angular momentum now follows by combining Eqs. (22) , (26) , (31) , (34) , and (37).
Balance of energy
For computational convenience, we will split the energy into parts due to linear momentum, angular momentum, and potential energy, and examine the time-evolution of each of these in turn. For the energy from linear momentum We can also expand:
(A40)
Plugging these in:
(A41) The third term is a body heating term, the fourth a heat flux, and the last a term accounting for exchange between kinetic and potential energy.
For the energy due to angular momentum we have:
The first term can be rewritten as follows:
and the interaction terms as follows, identically to the linear momentum energy case above:
(A45) The interpretation of these terms is the same as for the energy due to linear momentum.
For potential energy, we have:
(A46) Then:
Now we may write the total energy balance:
where the body heating ρr and heat flux vector q are given by
Appendix B: Director Field Dynamics
Underdamped Case
For the linearly and angularly underdamped dynamics used to derive the balance laws, we have:
Then we can evaluate the total time derivative:
(B2)
Overdamped and Averaged Case
In this case, we have the angular dynamics
where µ is an angular mobility. We also define fields in terms of noise averages:
where we use dx i dt in place of p i in order to allow for either over-or under-damped linear dynamics. The director density dynamics is then
We need the mass balance in this form as well:
as in the non-averaged case. Now the total time derivative of the director field is
Picking some initial time t = 0 far in the past, we can write
(B8) Then:
where we have exploited the fact that Z i (t) is uncorrelated with any variable at an earlier time and used the deltacorrelation property. Now we finally have
